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1. Introduction 
Let X be a topological space. The tightness of X, denoted by t(X), is less than 
or equal to the cardinal number r if A c X and x E Cl A imply the existence of 
B cA such that the cardinality of B is cr and x E Cl B. 
All spaces in this paper are assumed to be T1 and all maps are continuous. 
In [l, (2.3.17)] Arhangel’skii showed that each completely regular space X can 
be embedded in a Hausdorff countably compact space X such that t(X) = t(2) and 
posed the following questions: 
(1) Can each regular space X be embedded in a regular countably compact space 
P? such that t(X) = t(X)? 
(2) Can each completely regular first countable space X be embedded in a 
completely regular countably compact first countable space X? 
In this paper we give negative answers to the above problems as follows: 
1.1. Theorem. Let X be a LaSneu space (=a closed image of a metric space). 
Then the following conditions are equivalent. 
(a) X is metrizable. 
(b) Xcan be embedded in a normal countably compact first countable space. 
(c) X can be embedded in a regular countably compact space with countable 
tightness. 
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Note that each LaSnev space is Frtchet (see for example [7]), therefore, has 
countable tightness. 
1.2. Example. The well known space N u .G% of Mrowka [8] is a completely regular 
first countable space which cannot be embedded in a Hausdorff (!) countably compact 
Frechet space. 
This example is essentially given in [3]. 
1.3. Example (under the assumption that b = w i). There exists a completely regular 
first countable space Y which cannot be embedded in a regular countably compact 
space with countable tightness. 
2. Proof of Theorem 1.1 
We denote by the symbols u, T infinite cardinal numbers. A Hausdorff space X 
is called strongly T-compact if the closure of any subset of the cardinality ~7 is 
compact [6]. Clearly each strongly r-compact space is countably compact and the 
product of infinitely many strongly r-compact spaces is strongly r-compact. 
2.1. Definition. Let [0, cr] be the space of ordinal numbers less than or equal to 
cy and let I = [0, l] be the unit interval with the usual topology. Let S be a subspace 
of [0, CX]. Let J(S, cr) be the set I x S with ((0, p): p ES} identified to a point p and 
endowed with the following topology: 
If U c J(S, a) - {p}, then U is open in J(S, CY) if and only if U is open in (0, I] x S. 
PutU,={(x,~):O<x<l/n,~~S}u{p}.Then{U,:n=1,2,...}isaneighborhood 
base of p in J(S, (Y) 
For each infinite cardinal number T we denote S(T, a) = (p E [0, a]: cf(p) s T}, 
where cf(p) is the cofinality of p. In particular we denote by S(0, cr) the set of all 
isolated points of [0, a]. We denote J(T, (Y)=J(S(T, a), a) and J(0, (u) = 
J(S(0, a), a). 
2.2. Theorem. Let 7 be an infinite cardinal number. Then S(T, a)” is normal for 
each ordinal number CY, where w is the first infinite ordinal. 
Proof. Since S(T, cu) is strongly T-Compact, S(a, T)~ is strongly T-compact. Each 
strongly r-compact space is countably paracompact. Therefore, by [9] or [13], the 
normality of S(T, cu)” for each n E o implies the normality of S(T, (Y)~. We show 
S(r, (u)” is normal for each n E w. Let F, H be disjoint closed subsets of S(T, a)“. 
Let g, fi be the closures of F, H in [0, (Y]“, respectively. We show F nfi = 8. 
Assume (Pi, P2,. . . , /3,)Eflnfii,thencf(Pi)Zwfori=1,2,...,n.Put 
U(Yl, y2,. . . , Y,)=iFl (+Yi,Pi] for-c<& (i=l, 2,. . . ,n). 
T. Nogura / Countably compact extensions 67 
Then F n U(y,, 39,. . . , yn)+O and HnU(y,,yZ ,..., y,,)#O. Let {ri”:m~w} 
(i = 1,2,. . . ) n) be a sequence of elements of S(T, (Y) such that 
ri” < y;+r <pi for m E w and i = 1,2, . . . , n, 
F n {U(y:m-l, yzmml, . . . , y’,“-‘) - U(yfm, rim, . . . , yf”)} # 0, 
H n{U(y:“, y:“, . . . , yf”) - U(yfm+l, yimil,. . . , y~“+‘)}# 0 
for each m E w. Choose 
pm E F n {U(r:“-‘, y?‘, . . . , y?‘) - U(yTm, rz”, . . . , -y?‘)}, 
qm EH n {U(yT”, yg”, . . . , y’n”) - U(yZm+‘, ySmC1, . . . , yZ”+‘)}. 
Put&=sup{y~:mEw}fori=1,2 ,..., rz.Then 
lim pm = lim qm =(Slr a2,. . . ,a,). 
m+m m-co 
Since cf(r)aw and ry ES(~, a) for i = 1,2,. . . , n and m E w, (Sl,Sz, . . . ,S,)E 
S(7, a)“. Therefore (S,, 82,. . . , 6,) E F n H. This is a contradiction. Since p and fi 
are disjoint closed in a compact space [0, LY]~, there exist disjoint open sets U and 
V such that fi c U and fi c V, respectively. Clearly F c U n S(T, (Y)” and H c V n 
S(T, a)“. The proof is completed. 
2.3. Corollary. For each infinite cardinal number T, [O, T+)” is normal, where 7+ is 
the next cardinal number of 7. 
Proof. Since S(T, T+) = [0, r+), this corollary is a consequence of Theorem 2.2. 
A closed map f:X + Y is said to be quasi-perfect, if for each y E Y, f-‘(y) is 
countably compact. Let g:S(w,cr)Xl+J(w,(~) be the natural projection. Then 
clearly g is quasi-perfect. 
2.4. Lemma [12, Theorem 11. Let fi :Xi + Yi, i E w be quasi-perfect and nT=, Yi be 
sequential. Then nz, f; is quasi-perfect if and only if flF=, Xi satisfies the following 
condition : 
Let Ki be a closed countably compact subset in Xi for i EW. Then nz, Ki is 
countably compact in nz 1 Xi. 
The following lemma is well known (see [2, Theorem 4.4.71). 
2.5. Lemma. For every cardinal number u 2 w, J(0, CT)‘” is a universal space for 
metrizable space of weight u. 
Proof of Theorem 1.1. (b)+(c) is clear. (c)+(a) was proved in [lo, Corollary 11. 
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We show (a) + (b). Clearly J(0, a) is a subspace of J(w, (T). Every metrizable space 
of weight (+ can be embedded in J(w, v)“. Since J(w, (T)~ is first countable and 
(S(w, a) x I)” is strongly o-compact (hence countably compact), the map 
g”: (S(w, U) xl) o +J(w, (T)~ is quasi-perfect by Lemma 2.4. Since (S(w, V) xl)” is 
homeomorphic to S(w, (+)” x I” and S(w, (T)- is, by Theorem 2.2, normal and 
countably paracompact, and I” is a compact metric space, it follows by a well 
known result of Dowker [4, Lemma 31, that (S(w, (+) XI)” is normal. Since J(w, (T)~ 
is quasi-perfect (hence closed) image of the normal space (S(w, U) Xl)“, J(w, (T)~ 
is normal. Moreover J(o, v)” is a continuous image of a countably compact space, 
therefore J(w, a)” is countably compact. The proof is completed. 
3. Example 1.3 
This example is a modification of [2, Example 31. 
The set of all maps from w to w is denoted by Ow and for f, g E Ow we say that 
f <* g if f(n) < g(n) for all but finitely many n E W. Let b be the smallest cardinal 
number T such that there exists a family F c ww of cardinality T such that for all 
g E ww it is not the case that f G* g for all f E F. Note that w <b s c = 2” and b is 
regular cardinal (see [2] or [13]). By the definition of 6, there is a subset H = 
{ha. * a E 6) c “w which is unbounded. For each f E “‘w there exists a nondecreasing 
fcWw withf<*f;sowecanfindF={f,:aEb}c”w suchthat 
(1) fa is nondecreasing, 
(2) f= <* fp if cr <PI 
(3) h, <*t. 
By (3), an upper bound for F would also be an upper bound for H, so F is 
unbounded. Let Y = b u (w x w) u {a,: n E w} and topologize Y as follows: Points 
of w x w are isolated. If (Y E b - {0}, p <a, m E w, the set 
is a basic neighborhood of cy. If LY = 0, m E w, the set 
U(0, m) = (0)~ {(k, n): k 2 m, n sfdk)} 
is a basic neighborhood of 0 and 
U(a,,m)={a,}u{(n,k): ksm} 
is a basic neighborhood of a,. 
It is easy to see that Y is completely regular. Assume b = ~1, then Y is first 
countable (see [2, Remark 61). We show that Y cannot be embedded in a regular 
countably compact space with countable tightness. Let ? be a regular countably 
compact space with countable tightness such that Y c ? Since {a, : n E w} in discrete 
in Y, 
a EClp{u”:n Ew}-{a,: n EW}C Y-Y. 
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We first show that a E CIYb. Let U, V be open neighborhoods of a in ? such that 
a E V c CIpV c 17. Since a E Clp{a,: n E o}, there exists {a,,: k E o} c V. Choose 
mk E {nk} x o n V. Put M = {mk: k E w}. Then Cl&4 n b # 0 by Lemma 4 of [2]. 
Therefore a E Clpb. Since Y has countable tightness, there exists {cu, E b: n E w} 
such that a E Clp{cu,: n E w}. But this is impossible since Cl~{cy,: n E o} is a compact 
subset of Y. The proof is completed. 
3.2. Remark. (1) It is easy to see that the continuum hypothesis implies the 
assumption b = wl. For further properties concerning the cardinal number 6, the 
reader is referred to [2] or [13]. 
(2) The author does not know whether Example 1.3 can be constructed within 
ZFC. 
Note added in proof 
The referee points out that Corollary 2.3 is a direct consequence of the following 
theorem proved by R.A. Conover (“Normality and products of linearly ordered 
spaces,” Gen. Topology Appl. 2 (1972) 215-225.): 
Theorem. If w, is an uncountable regular cardinal, then [O, o~)I is normal if and 
only if 7 < wcr. 
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